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Lecture In Memoriam: Benjamin Gompertz

(born 1779, died 1865)
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These slides are from the One World Actuarial Research Seminar
(OWARS), delivered on 20 May 2020, and was intended to provide an
overview of myongoing work with co-authors (T.S. Salisbury, H. Huang)
and doctoral investigators (A. Nigiri, B. Ashraf). Over time we will
complete and release associated working papers, so please view these
results as preliminary.
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This presentation focuses on how to think about and model covid-19 ir
continuous-time, from the perspective of life-cycle bnancial economics «
retirement income planning. To begin with it hypothesizes that total

mortality rates during the coronavirus period have been strictly
proportional to normal mortality rates, which!ectively increase biological
ages across the curve, otherwise known as a parallel shift of the
(Gompertzian) term structure. The presentation then goes on to provid
some preliminary empirical evidence from the UK and Europe corroborat
the parallel shift hypothesis, and discusses the implications of a (argual
convenient) parallel shift on the utility-based valuation of life annuities.
The main practical message here is that longevity insurance beconoge
valuable, even if life expectancies decline. The presentation concludes
proposing the so-called compensation law of mortality (CLM) as a possi
alternative to a parallel shift, and brie3y discusses how to merge a CLI
into a stochastic lifecycle model of investment and consumption.
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Economic Motivation

@ The classical lifecycle model of Pnancial economics suggests peop
(i.) borrow, (ii.) invest and (iii.) save, with an objective tsmooth
consumption over their life, adjusting for survival probabilities.

@ What is the impact of a suddeshock to mortality , such as the one
generated by covid-19, within the context of the life-cycle model?
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Outline of Lecture (50 minutes)

A glimpse of interests and ongoing work with co-authors, versus a coherent paper/thesi

@ What exactly do | mean by the so-called Term Structure of Mortality
What is a parallel shock (and what isnOt)? Link to Biological Age.

@ Answer empirical (statistical) question: Is covid-19 a parallel shock
© Implications for annuity economics & retirement income planning.
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(Normal) Mortality Rates from Around the World

To begin with, there is quite a bit of variation around the world...

Actual gx values from 37 countries in the year 2011, Source: HMD.
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There is a Law Governing Death: (Over Adult Ages)

The Denamen Gomperts Law of Mosabty
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Warning: This DoesnOt Work at Younger Ages
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Remember the Distinction between Cohort vs. Period.

Visualizing two dimensions: (Thanks to Wilhelm Lexis)

DEATH->| 2018 | 2019 | 2020 | 2021 | 2022
BORN | ) SRR | ,
1955 q.63 964 | q.65 q.66 q.67
1954 q.64 065 | Q.66 q.67 .68
1953 965 | a66 | a67 | q.68 q.63
1952 | 966 | q67 | q68 | 969 | q70
1951 q.67 068 | @69 q.70 Q.71
1950 q68 | 69 | a70 q.71 q.72

Note: For the most part IOIl be talking about the yellow (period) column
because it will be a while before we get data for the (cohort) rows.
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The Gompertz (1825) Law of Mortality

Like gravity, a law thatOs reasonably accurate even after two centuries...

The natural mortality rate at (chronological) age is expressed as:

e "= g I = e o

wherem is amodalco€' cient, b is adispersionco€' cient and! is an
accidental death rate. Therf, b) formulation is used in actuarial Pnance,
but demographers and biologists tend to udg g) notation.

Note: Gompertz himself never really used either of these two expressiol
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On a Historical Note: Gompertz & his Notes

From the Institute and Faculty of Actuaries, Staple Inn Actuarial Society
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With permission and thank you to David Raymont, Librarian at the
Institute and Faculty of Actuaries.
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Visualizing the Remaining Lifetime&j

Intuition for the m =In[g/h]/g andb =1/g parameters in the Gompertz Law

Protadaty Denaty Forcton (Vake|
aome

Age = Dea™

The coé cient of variation, or iVoL :=SD[Tegs]/ E[Tes], which | will label
individual longevity risk.
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The Term Structure of Mortality: Debned

Using the (demographic, biological) notation for the Gompertz law of
mortality, | dePne thenatural term structure of mortality (TSM) as:

In[ux " '] = In[h] + gx, x>> 0, (2)

where the accidental (Makeham) constaht<< u x. Now, remember that
the (log) survival probability is:

Poxrt X " #
Infipx] = " Hsds = "It + 1" edt . (3)

X

So, the TSM is debned Herently than in Pnance, where {pk] would be
divided byt, where:;py is the price of a zero-coupon bond maturing tat
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Accounting for Makeham! () is Important at All Ages

Here is yet another interesting byproduct of covid-19 and lockdowns

Up to 17,000road deathsmay have been avoided across India since Marc

A7 ) v . .
A2 et PANDEMIC [ —
INDIA Wty rwhon e e appmer & b Bg Sanpm TUNTINIL B part Seides of & S
G0 R WD et an il T e B Mt o surwber ¢ Bnes ol *
DEATH RATE FALLS
\FTER SHARP DROP
IN ROADACCIDENTS

W ey ey of S iy Yok s By § 1AARY . Ty Sy gt

Moshe A. Milevsky A Parallel Shock to Mortality? Spring 2020 15/60



Quick Technical Noteqgy versuguy

If ux = he¥*, (i.e. ! =0), the one-year death rate will be:

Oy = 1" ehegx(ll eg)/g’ (4)

So, whilepy increases exponentially, the one-year death rate does not.
Generally speaking the data (e.g. HMD) is givengs(or my), so itOs
common to see the Gompertz assumptiapproximated as:

Ox+t ! Ok e, (5)

which isnOt the same as equation (4), and also ignores the Makeham te
To be precisez :=In[In[1/ (1" gx)]] is a linear function ofx, not In[gx].
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The (1925 Cohort) Term Structure of Mortality

Notice the region in which the Gompertz model is reasonable.

Conan 1933 Canada 5 Miaiw tAt g
Sowrce Muman Morwry (stedese

i '
; -
o

Moshe A. Milevsky A Parallel Shock to Mortality? Spring 2020 17/60



LetOs Talk Mortality Shocks (a.k.a. the virus)

Perspective #1

A parallel shock to the term structure of mortality is debned aspuinf !]
increasing by aconstant v for all x in the Gompertzian age range.

A Parallel Shock to the Term Structure of Mortality

e Pre-Virus: Inik " ']=In[h] + gx
{ s s e Virus: Infg, " O] = v +In[h] + gx

e Note: Assuming no change ig is
problematic, and IOIl return to this later.

Log Hazard Rate
16 15 14 13 12 11

50 60 70 80 90

What happens after the virus period?
Perhaps: Infix " ']1=(n[h]" ")+ gx.

See recent paper by A. Cairns and D. Blake:
http://www.pensions-institute.org/
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LetOs Talk Mortality Shocks (a.k.a. the virus)

Proportional: Perspective #2

A parallel shock is debned as thatural hazard rate: (1" !) being
multiplied by aconstant €', during the period of the virus.

A Parallel Shock to the Term Structure of Mortality

@ Pre-Virus: py " ! = he¥*

w o e Virus: (i " P) = hel®+V)

a e Approximation in discrete time is:
2] e G ! (1+ C)ay, for C> 0.
T o The C = %% is excess mortality.

Chronological Age
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LetOs Talk Mortality Shocks (a.k.a. the virus)

Biological Age: Perspective #3

A parallel shock to the term structure of mortality (TSM) is debned as
biologically aging by v/ g years in a Gompertzian framework.

A Parallel Shock to the Term Structure of Mortality

e Pre-Virus:py " ! = he¥
e During Virus: g " 0 = hed(x*+v/9)

I m e For example, ifv = 1, and g = 10%,
LI F the virusages everyonby 10 years.

d R
00 01 02 03 04 05

If biological age was elevated to begin with (a.k.a. frail, co-morbidities)
the impact is even greater!
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What exactly is meant by Biological Age?

IOmot talking about clinical or moleculabiomarkersof aging, such as
epigenetic (CpG) clocks, DNA methylation, telomere length, etc.

-
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Measuring biclogical aging in humans: A quest
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| mean a Mortality and/or Longevity Risk-Adjusted Age

Show me a mortality rate (curve) and 101l give you an age (function).

. Comtmesn bals sveishn o _ .
.y 2 Insurance: Mathematics and Economics
1

T NOT g e [

Calibrating Gompertz in reverse: What is your longevity-risk-adjusted =
global age?

Moshe A Mdevsky

See references (and distinctions) in that article.
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Extreme Intuition for a Parallel Shock:

Impact on period life expectancy, survival probabilities and annuity prices, if permanent.

Assumingin[h] = " 11.1 (intercept), g = 10% (slope), which is based on
Canada, with arr = 3% rate (and no loading.)

Shock Excess E[T65] Bio. (30[)55) a65(r = 3%)
Baseline | Mortality | Years | Age | Probability Dollars
Zero 0% 20.105| 65 14.7% $14.398
v=0.20 22% 18534 | 67 9.6% $13547
v =0.40 49% 17.017| 69 5.7% $12690
v =0.60 82% 15560 | 71 3.0% $11832
v =0.60 The annuity factor ifr = 0.80%'# $14.398

The mortality shock (making annuities cheaper)
can be wiped out by a decline in interest rates!
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To Be Very Clear

For these (massive) declines in period life expectancy and/or increases
Biological Ages to take place, the shock to mortality (a.k.a. parallel shift
in the term structure) would have to be permanent. Of course, nobody i
their right mind believes (in May 2020) that we will continue to see thest
excess mortality rates for ever.

Rather, the point here is to help translatexcess mortality rategto units
that are more intuitive, namely life expectancy. Obviously, one can add
parameter to the period life expectancy calculation, perhaps the rate at
which the mortality shockdecays, and compute a more-realistidz[T].
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A Non-Parallel Shock to the Term Structure of Mortality

A Century-old Counter Example

Spanish Influenza Pandemic Death Rates by Age:
When Young was like Old...
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Raw Data Source: Gagnon, et @PLOS One(2013).
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Age-Specibc Mortality During 1918 InRuenza Pandemic

The raw data in Gagnon (2013), doi: 10.1371/journal.pone.0069586
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Is the Virus Gompertzian?

Preliminary evidence that Covid-19 is a parallel shock

Covid ! 19 Term Structure of Mortality: England & Wales
Data Source: Office for National Statistics, 24 April 2020
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Yes, but is it a parallel shock?

Perhaps the virus is correlated with non-virus mortality in a non-linear way?

Covid! 19 and Non ! Covid Death Rates: England and Wales
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Chronological Age (UK)
Data: Office for National Statistics, April 2020

Warning: Work (and Data Collection) in Progress
See work/blog by: David Spiegelhalter.
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What About Other Countries?

Project in progress with Andrea Nigiri, at Sapienza University of Rome.

Vg

i

Note: The slope and intercept are fromgm, with g $ (0.107,0.116).
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Is it a Parallel Shock to the TSM?

LetOs look at Deaths in Lombardia, Italy.

rogien)

e

Blue line. All-cause mortality in January 2020 (pre covid)
Red line. All-cause mortality in March 2020 (during)
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Parallel Shock!

So why do we see this picture so often?

fu.ly share of covid- 19 deaths by age and sex, %

® Men @ Womer

%0-49 50-59 6069 7079 3089 904
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Parallel Shock?!

So why do we see this picture so often?

m o L S " Ve O Seeh = My st ~

Graphic detadl Moy o et i

Would most covid-19
victims have died soon,
without the virus?

A A Ay sageus bed
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What fraction of (virus) deaths should be older?

Assuming a (virus that is a) parallel shock to the term structure of mortality

The Latest on Coronavirus (COVID-19)

More than 90% of
Canadian deaths

from coronavirus

are those over age

60
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Distribution of Deaths vs. Death Rates

If the virus is a parallel shock to the term structure of mortality (TSM),
and assuming an initial distribution (pyramid) for the population, what is
the age distribution of deaths due to the virus?
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LetOs do some simple discrete mathematics

Ongoing work with T.S. Salisbury

e Start with a discrete population (psi&distributior#(x), x =0..120,
wherex is age last birthday, andN = = ; #(i) is the entire population
(e.g. 37 million in Canada.)

° gthe (non-shocked, normal) one-year death rategis we expect

i #(i)q; deaths over the next year.

e A parallel shock to the term structure of mortality implies

G ! (1+ C)gx, whereC %0 is constant.

e The fraction of excess deathsover agex is the function (zeta):
$ Ny w $ . $ .
sp0= s G ) | g #OCE | o o #()g
izo #()(G " i) i-o #(1)Cq i-o #(1)ai
@ So, the size ofC is irrelevant, andb(x) isnOt hected by the virus,
under a parallel shock.
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37 Million Canadians in the Year 2018: Th&l! (x) function.

LetOs apply this to the population distribution in Canad

Canadan Popuiation (2018) Age Distributson

Moshe A. Milevsky
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Numerical examples of th€x) function

Within the Canadian population, what fraction of (excess) deaths will be...

Age Fraction of
Range all Virus Deaths
Under 50 1" $(50) = 3.99%

50to 59 | $(50)" $(60) = 7.64%
60 to 69 | $(60) " $(70) = 16.37%
70to 79 | $(70) " $(80) = 25.09%
80 to 89 | $(80)" $(90) = 30.75%

90 & over $(90) = 16.17%

Again, this doesot depend on the size of the mortality shock, and we
should expect to see most (88.4%) of the (excess) deaths above age 6(
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A Visualization of thé (x) function

Based on the Population Distribution of 37 Million Canadians (in 2018)

Divtributian of Virvus Pacalel Shech | Dvathe: Canada
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Who Cares for the Benebts of a Parallel Shock?

We get closed-form expressions for actuarial & economic quantities of interest

If the TSM is shocked by adding a constamtto In[h], then | can easily
analyze a number of Pnancial & economic expressions of interest.

#(" r/g,he?/qg) 5
gexi (" U g)(hed + 1 In[nes</ g}’ ©)

where#(., .) is the incomplete Gamma function. Derivation in appendix c
Milevsky (JPEF, 2020), originally suggested by John Mereu (TSA, 1962

ay =

Annuity equivalent wealth, per Kotliko and Spivak (JPE, 1981), or
Brown (JPubE, 2001) a.k.a. subjective value from annuitization per $1, |

%a & y(ar vy
1+ %= = (7
ax

where& is longevity risk aversion, and= x" In[&/g. Source is Milevsky
and Huang (NAAJ, 2018), or Cannon and Tonks (2008), equation (7.57)
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The Utility Value of Annuitization (after a Virus Shock)

Longevity insurance is more valuableventhough survival rates have declined.

Virus reduces life expectancy, butility value of annuitization increases
becausdongevity risk (a.k.a. the coé cient of variation) has gone up.

Shock E[Tes] | SD[Tes] | Coe! cient | $1 Annuity
Baseline Years | Years | of Variation | Equivalent
Normal Times| 20.11 9.11 45.3% $1.535
v=0.20 1853 8.74 47.2% $1.585
v=0.40 17.02 8.36 49.1% $1.639
v =0.60 15.56 7.95 51.1% $1.700

Assumesin[h] = " 11.1, g = 10% (mortality growth rate), calibrated to
Canadian HMD values, under an= ' = 3% interest rate. Formula in
Milevsky & Huang (2018), based on th&nnuity Equivalent Wealthin
Brown (2001), originally dePned by Kotliko& Spivak (1981), with& = 4.
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Yes, a Parallel Shock is a Straight Jacket

Statistically it canOt be gerfect parallel shock.

@ A parallel shift implies excess mortalitg = %% is approximately
equal across all (Gompertzian) ages

@ But, there will always be noise in the datal!

© What if we observe the rati@®d gy declines at very advanced ages?
@ What if fewer centenarians are dying from the virus than expected?
© That might be evidence of @ompensatiodaw of mortality at work.
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Compensation Law of Mortality (CLM)

Nature doesnOt allow parallel shifts to the TSM

The Extremely Strong Version of a Compensation Law

o

aiwt

N L o D

Source: Gavrilov and Gavrilova (19900Jhe Biology of Lifespan
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Claribcation

To be very clear, | aimot suggesting that in reality the various term
structures of mortality (TSM) forheterogenougroups converge to a bxed
and rigid plateau at some advanced age, nor did Gavrilov and Gavrilova
(1991) suggest this. Likewise, IOm not making any statements about
whetherx” = 100 or perhaps as high as = 110. Moreover, while nature
might want to compensate mortality, she surely hates nohatientiable
curves! Rather, IOm suggesting that this is reduced-form model is a hel
way to think about what is happening. | really donOt need thousands of
di! erent mortality tables and hundreds of!dérent improvement factors to
get to the bnancial and economic essermfethe matter.

On a related note, see the recently published work by S.J. Richards (SA
2020) on the minimal number of factors needed to parameterize mortalif
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Empirical Support for Mortality Compensation

Chetty R, Stepner M, Abraham S, et al., JAMA. 2016, 315(16):1750-1766.

S L LOORIL] RO R A R S e i a0 T M VR e e, JOCT JOM

The higher your mortality rate (e.g. poor vs. rich), the lower your
mortality growth rate. Think of Inp] versusg.
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Nature DoesnOt!@r as Much Freedom as You Think

The CLM stated di erently...

Gomparts (M b) Vakves Consatent with » Compensation Law
AL E S Corvitre’ e st Wl iy sdlamuins
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Source: Milevsky (IME, 2020)
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Mortality Compensation IEects by Cohort Group

Historical Evidence from Canada

Gompertz Paramoters in Canada
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A parallel (negative) shock (a.k.a. mortality improvement) would imply a
vertical drop in the red dots over the years, without moving right.
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So, nature forces a reduction gnwhen increasing InJ.

This is the di erence between garallel shock versus aonstant shock

What will the excess deaths fractiof(x) look like, when the shift from
In[h] to In[h] + v, is non-parallel? In other words, the intercept increases
by v but the slopeg declines tocompensatédor the increased mortality?

By dePnition of thisextreme compensatigr(log) hazard rates must all be
equal at some age", so the only way for this to happen is if a shoekis
associated with a decline in the mortality growth rate frognto

gv :=(g" v/x') < g. Technically:

Y

inh] + gx' = (n[hl+ V) + (" )X’

So, if you want to shock the curve by = 0.40 units, andx" = 100, then
you must reduce the mortality growth rate frorg = 10% to 9.6%.
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Back to the life cycle model:

How does this impact the utility valuation of annuities?

If a shock toln[h] is associated with a reduction in the mortality growth
rate g, then the utility value of annuitization is evernigher, because
individual longevity risk which is proportional td @, is greater.

Journal of
Pension Economics
& Finance

CAMBRIDGE

Swimming with wealthy sharks: longevity, volatility and
the value of risk pooling

by
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Finally: Modeling this in aohort lifecycle framework.

Ongoing work with T.S. Salisbury, H. Huang (& B. Ashraf).

Leth; =In[p; " !] denote theindividual log hazard ratebefore the virus,
and assume it obeys the stochastic process:
&

P
L dt+ )dB, 0&t<T, (8)

T" t
whereBy is a BM, the pinning constantk := In[py+7 " ! ], which is the
log hazard rate at plateau tim&@ , or age & + T). The parameters (,) )
are the reversion speed and volatility. Importanthg = In[ uc](1 + ), is
the population (current age x) log hazard rate, arfidis a measure of
frailty, per the (classic) work of Vaupel, Manton and Stallard (1979).

dhy = (

And, anyone who manages to reach ageH{ T) ! 100 continues tdive
with a constant hazard rate, under an exponential lifetime distribution.
This is theworld before the virus shock.
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What Does a (Constant Shock) Virus Do to the TSM?

Assume that a virus shifts the initial log hazard rate by a constantand
in addition it changes the reversion speed@and volatility to 6. So, the
stochastic di erential equation for (what I am now callind, is:

+ )

. . k" B
di, = 0 T,,t‘

dt + 9dB;, 0&t<T, 9)

where (to be very clear), the pinning value remaiasand the Brownian
motion driving the process remairk; .

Financial Economic Question: How does the shock!act lifecycle
consumption?
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Final Thoughts (and Slide)

My email: milevsky@yorku.ca

© Covid-19 is aging us all.
@ The odds of becoming a centenarian might have gone down slightl
due to the virus, but individual longevity risk has actually increased.

© The utility value of annuitization has increased, and even more so i
you believe anortality compensatiore! ect is at work.

@ Covid-19appearsGompertzian and total mortality rateappear
consistent with a parallel shock to the term structure of mortality.

© Finally, hopefully this episode has convinced (classical) life-cycle
economists that there is a need for stochastic mortality models.

Moshe A. Milevsky A Parallel Shock to Mortality? Spring 2020 51/60



References

Brown, J.R. (2001), Private pensions, mortality risk and the decision to
annuitize,Journal of Public Economigs/ol. 82, pg. 29-62.

Brown, J.R. (2003), Redistribution and insurance: Mandatory
annuitization with mortality heterogeneityJournal of Risk and Insurance
Vol. 70(1), pg. 17-41.

Butler, M., S. Staubli and M.G. Zito (2013), How much does annuity
demand react to a large price chang&tandinavian Journal of
Economics Vol. 115(3), pg. 808-824.

Cannon, E. and I. Tonks (2008)Annuity Markets Oxford University
Press, New York.

Moshe A. Milevsky A Parallel Shock to Mortality? Spring 2020 52/60



References

Chetty, R., M. Stepner, S. Abraham, S. Lin, B. Scuderi, N. Turner, A.
Bergeron and D. Cutler (2016), The association between income and lift
expectancy in the United States, 2001-201¥urnal of the American
Medical AssociationVol. 315(16), pg. 1750-1766.

Davies, J.B. (1981), Uncertain lifetime, consumption and dissaving in
retirement, Journal of Political EconomyVol. 89, pp. 561-577.

Deaton, A. (2016), On death and money: History, facts and explanation:
Journal of the American Medical Associatioxol. 315(16), pg.
1703-1705.

De Nardi, M., E. French and J.B. Jones (2009), Life expectancy and old
age savingsAmerican Economic Reviewol. 99(2), pg. 110-115.

Moshe A. Milevsky A Parallel Shock to Mortality? Spring 2020 53/60



References

Edwards, R.D. (2013), The cost of uncertain life spalgurnal of
Population EconomigsVol. 26, pg. 1485-1522.

Gauvrilov, L.A. and N.S. Gavrilova (1991Jhe Biology of Lifespan: A
Quantitative Approach Harwood Academic Publishers, United Kingdom.

Gauvrilov, L.A. and N.S. Gavrilova (2001), The Reliability Theory of Agin
and LongevityJournal of Theoretical BiologyVol. 213(4), pg. 527-545.

Gompertz, B. (1825), On the nature of the function expressive of the lav
of human mortality and on a new mode of determining the value of life
contingenciesPhilosophical Transactions of the Royal Society of London
Vol. 115, pg. 513-583.

Moshe A. Milevsky A Parallel Shock to Mortality? Spring 2020 54/60



References

Holzman, R., J. Alonso-Garcia, H. Labit-Hardy, and A.M. Villegas (2017)
NDC Schemes and Heterogeneity in Longevity: Proposals for Redesign
CEPAR

Kotlikof, L.J. and A. Spivak (1981), The family as an incomplete annuity
market, Journal of Political EconomyVol. 89(2), pg. 372-391.

Levhari, D. and L.J. Mirman (1977), Savings and consumption with an
uncertain horizonJournal of Political EconomyVol. 85(2), pp. 265-281.

Milevsky, M.A. and H. Huang (2018), The utility value of longevity risk
pooling: Analytic insightsNorth American Actuarial Journal

Moshe A. Milevsky A Parallel Shock to Mortality? Spring 2020 55/60



References

Miligan, K. and T. Schirle (2018), The evolution of longevity: Evidence
from Canada/National Bureau of Economic Researchkiorking paper #
24929.

Pashchenko, S. (2013), Accounting for non-annuitizatialgurnal of
Public EconomicsVol. 98, pg. 53-67.

Sheshinski, E. (2007)The Economic Theory of AnnuitiePrinceton
University Press, Princeton.

Yaari, M.E. (1965), Uncertain lifetime, life insurance and the theory of th
consumer,The Review of Economic Studig¥ol. 32(2), pp. 137-150.

Moshe A. Milevsky A Parallel Shock to Mortality? Spring 2020 56/60



References

Cairns, A.J.G., M. Kallestrup-Lamb, C.P.T. Rosenskjold, D. Blake and K
Dowd (2019), Modeling socio-economic! drences in mortality using a
new & uence indexASTIN Bulletin, forthcoming.

Chetty, R., M. Stepner, S. Abraham, S. Lin, B. Scuderi, N. Turner, A.
Bergeron and D. Cutler (2016), The association between income and lif
expectancy in the United States, 2001-201¥urnal of the American
Medical AssociationVol. 315(16), pg. 1750-1766.

Fung, M.C., K. Ignatieva, and M. Sherris (2014), Systematic mortality
risk: An analysis of guaranteed lifetime withdrawal benebpts in variable
annuities,Insurance: Mathematics and Economidgol. 58, pg. 103-115.

Haberman, S., M. Khalaf-Allah, and R. Verrall (2011), Entropy, longevity
and the cost of annuitiesinsurance: Mathematics and Economjdgol.
48, pg. 197-204.

Moshe A. Milevsky A Parallel Shock to Mortality? Spring 2020 57/60



References

Jackson, S. H., Weale, M. R., and Weale, R. A. (2003). Biological Age:
What is it and can it be measuredArchives of Gerontology and
Geriatrics Vol. 36, pg. 103-115.

Melnikov, A. and Y. Romaniuk (2006), Evaluating the performance of
Gompertz, Makeham and Lee-Carter mortality models for risk
management with unit-linked contractdnsurance: Mathematics and
EconomicsVol. 39. pg. 310-329.

Meyricke, R. and M. Sherris (2013), The determinants of mortality
heterogeneity and implications for pricing annuitidasurance:
Mathematics and Economi¢d/ol. 53, pg. 379-387.

Milevsky, M.A. (2019), Swimming with wealth sharks: longevity, volatility
and the value of risk poolingJournal of Pension Economics and Finance
in press.

Moshe A. Milevsky A Parallel Shock to Mortality? Spring 2020 58/60



References

Pitacco, E. (2004), Survival models in a dynamic context: a survey,
Insurance: Mathematics and Economjdgol. 35, pg. 279-298.

Ries, W., and Pothig, D. (1984). Chronological and Biological Age.
Experimental Gerontologyol. 19, pg. 211-216.

Su, S. and M. Sherris (2012), Heterogeneity of Australian population
mortality and implications for a viable life annuity markdsurance:
Mathematics and Economig¢d/ol. 51, pg. 322-332.

Tarkhov, A.E., L.I. Menshikov, and P.O. Fedichev (2017), Strehler-Mildve
correlation is a degenerate manifold of Gompertz Baurnal of
Theoretical Biology Vol. 416, pg. 180-189.

Moshe A. Milevsky A Parallel Shock to Mortality? Spring 2020 59/60



References

Richards, S. J. (2020). A Hermite-spline model of post-retirement
mortality. Scandinavian Actuarial Journa020(2), 110-127.

Tai, T.H. and A. Noymer (2018), Models for estimating empirical
Gompertz mortality: With an application to evolution of the Gompertzian
slope,Population EcologyVol. 60, pg. 171-184.

Villegas, A., and S. Haberman (2014), On the modeling and forecasting
socio-economic mortality dlierentials: An application to deprivation and
mortality in England,North American Actuarial JournalVol. 18, pg.
168-193.

Willemse, W.J. and R. Kaas (2007), Rational reconstruction of
frailty-based mortality models by a generalisation of the Gompertz law o
mortality, Insurance: Mathematics and Economidgol. 40, pg. 468-484.

Moshe A. Milevsky A Parallel Shock to Mortality? Spring 2020 60/60



